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Abstract
The ability to simulate the surface energy balance and microclimate within a plant canopy is contingent upon accurate
simulation of radiation exchange within the canopy. Accurate radiation simulations require some assumption of leaf angle
distribution to compute transmissivity, reflection and scattering of radiation. The ellipsoidal leaf angle density function can very
closely approximate real plant canopies but requires complex integrations for different combinations of leaf area index, incident
radiation angle, and density function. This paper presents close approximations (R2 > 0.99) to compute the transmissivity and
scattering functions for elliptical leaf angle distributions that can be more easily implemented into simulation models.
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1. Introduction
Radiation exchange within the canopy plays a crucial
role in the canopy microclimate. This exchange is the
driving force for the surface energy balance, influences
canopy leaf temperature, and provides the energy for
photosynthesis and plant growth. Accurate simulation
of canopy microclimate is contingent on simulation of
the surface radiation balance.
Estimation of the surface radiation balance differs
widely between simulation models depending on
whether they are single-layer (Monteith, 1963), dualsource (Shuttleworth and Wallace, 1985; Huntingford
et al., 1995), or multiple-layer models (Norman, 1979;
Smith and Goltz, 1994; Stockle, 1990; Flerchinger
et al., 1998; Zhao and Qualls, 2005). Multiple-layer
models simulate radiation distribution and microcli* Corresponding author. Tel.: +1 208 422 0716;
fax: +1 208 334 1502.
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mate profiles throughout the canopy, requiring estimation of the transmissivity, reflection, and scattering of
radiation within each canopy layer, which invariably
requires assumptions regarding leaf orientation.
Multiple-layer canopy models must compute the
energy balance for each layer within the canopy. This
requires computation for downward direct, and upward
and downward diffuse radiation being transmitted,
reflected, scattered, and absorbed by each layer. Upward
flux of diffuse short-wave radiation between canopy layer
i and the next layer below, i + 1, (Su,i) can be estimated as:
Su;i ¼ t d;iþ1 Su;iþ1 þ ðbl f d; # " þ tl f d; # # Þ
 ð1  t d;iþ1 ÞSd;i þ ðbl f d; " " þ tl f d; # " Þ
 ð1  t d;i ÞSu;iþ1 þ bl f b; # " ð1  tb;iþ1 ÞSb;i ;
(1)
where td,i is the transmissivity of canopy layer i to
diffuse radiation (i.e. the fraction of diffuse radiation
going through the canopy layer unimpeded), tb,i + 1 the
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transmissivity of canopy layer i + 1 to direct (or beam)
radiation, bl the albedo of the canopy leaves, tl the leaf
transmissivity, f d,"# the fraction of reflected downward
diffuse radiation that is scattered upward, f d,## the fraction of reflected downward diffuse radiation that is
scattered downward, f b,#" the fraction of reflected downward direct radiation that is scattered upward, and Sb,i is
the direct radiation entering canopy layer i + 1. It should
be noted that f d,#" = f d,"# = 1  f d,## = 1  f d,"". Conversely, the fraction of downward diffuse radiation transmitted through the leaves that is scattered upward is equal
to 1  f d,#" and that scatted downward is 1  f d,##. These
same equalities hold true for downward direct radiation.
An expression similar to Eq. (1) can be written for
downward radiation at any point in the canopy. Eq. (1)
can be applied for any portion of the short-wave
spectrum provided appropriate values for bl and tl are
used. Long-wave radiation can be computed similarly
by including emitted long-wave radiation within the
layer and ignoring direct radiation.
Common simplifications for leaf angle distribution
are to assume the leaves are horizontally, vertically or
spherically distributed (Flerchinger, 2000; Zhao and
Qualls, 2005). A more generalized approach is to
assume an ellipsoidal leaf angle density function, as
presented by Campbell (1986) and Campbell and
Norman (1998). The ellipsoidal distribution gives good
approximation to leaf angle distribution of real canopies
(Barclay, 2001; Falster and Westoby, 2003) and can be
extended to account for clumping of the leaves.
However, the ellipsoidal distribution has had limited
use, in part because of the complex computations
required for scattering of reflected radiation and
transmissivity of diffuse radiation. Computations for
f b,#", f d,#", and td in Eq. (1) require integration of
complex functions for different combinations of leaf
area index, leaf angle distribution, and incident
radiation angle, and therefore must be re-computed at
various time-steps within the model. The objective of
this paper is to develop very close approximations to
these relations that can be more easily implemented into
multi-layer canopy models.
2. Theory
2.1. Transmission of radiation through the canopy
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Fig. 1. Variables and geometric relations for an ellipsoid. Leaf angle
is a, orientation of the leaf angle upon the ellipsoid is defined by u, and
the zenith angle of incoming radiation is f. Axes of the ellipsoid are a
and b.

where tb is the fraction direct radiation passing through
a canopy layer unimpeded by the vegetation, and Kb is
an extinction coefficient for direct radiation, which is
dependent on the direction of the radiation source and
the orientation of the plant leaves. Campbell and Norman (1998) present an expression for Kb assuming an
ellipsoidal leaf orientation:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ tan2 f
;
(3)
Kb ¼
x þ 1:774ðx þ 1:182Þ0:733
where x is a coefficient relating to leaf orientation and f
is the zenith angle of the radiation (Fig. 1). The value of
x is related to the vertical (a) and horizontal (b) axes of
the ellipsoid shown in Fig. 1 by x = b/a. For vertical leaf
elements, x = 0; for spherically oriented elements,
x = 1; for horizontal elements, x = 1. Typical values
of x for different crops are given by Campbell and
Norman (1998).
Diffuse radiation comes from all directions. The
transmission of diffuse radiation from a given direction
is identical to that for direct radiation for that direction.
Thus, the transmission of diffuse radiation through the
canopy can be calculated by integrating the expression
for direct radiation over all directions within the
hemisphere (Campbell and Norman, 1998):
Z p=2
td ¼ 2
t b ðfÞ sin f cos f df;
(4)
0

The transmissivity of a canopy layer with a leaf area
index of L to direct radiation is calculated from:
tb ¼ expðK b LÞ;

(2)

where td is the fraction of diffuse radiation passing
through a canopy layer unimpeded by vegetation. This
expression requires numerical integration upon substitution of Eqs. (2) and (3) for tb.
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2.2. Scattering of radiation within the canopy

Here, e is defined as:

A portion of the direct radiation reflected from a leaf
surface is scattered upward; the remainder is scattered
downward. The fraction of reflected direct radiation
scattered upward for spherically oriented leaves is
(Zhao and Qualls, 2005):

cos e ¼



sin u cos f
¼

v¼0 u¼p=2


þ cos u sin f cos v f u ðaÞ cos u du dv;
Z

f b; # "

2p

Z

p=2

(5)

where u is the angle from the horizontal, v the azimuth
angle, and f u(a) is the upward fraction of reflected
radiation for a leaf inclination angle of a. The function
f u(a) is given by (Norman and Jarvis, 1975):
1
a
f u ðaÞ ¼ ð1 þ cos aÞ ¼ cos2 :
2
2

(6)

Leaf angle, a, can be computed from its orientation on
the ellipsoid, u (see Fig. 1) from:
tanðaÞ ¼

tanððp=2Þ  uÞ
:
x2

(7)

Eq. (5) can be generalized to ellipsoidal distributions by
incorporating a leaf angle distribution function presented by Campbell (1990). Numerical integration of
Eqs. (5)–(7) is relatively straightforward for spherically
oriented leaves, but considerably more complicated for
an ellipsoidal distribution. Norman and Jarvis (1975)
present an alternative approach to compute upward
scattering applicable for any leaf angle distribution.
This is done by weighting the scattering function
f u(a) for a given leaf angle by the fraction of leaf area
projected in the direction of the incoming beam radiation.
Eq. (6) assumes all radiation is incident on the top of
the leaves. Depending on the zenith angle (f), much of
the radiation strikes the bottom of the leaves. The
fraction of radiation incident on the tops of leaves is
given by (Norman and Jarvis, 1975):
f top ¼

c
;
2c þ cos a cos f

(8)

where c is defined as:
c¼

sin a sin f sin e  e cos a cos f
:
p

1
:
tan a tan f

(10)

Assuming that the reflective properties for the top and
bottom of the leaves are identical and recognizing that
the fraction of reflected radiation incident on the bottom
of the leaves that is scattered upward is 1  f u(a), the
fraction of reflected radiation incident at angle f scattered upward from leaves oriented at angle a is:

c
f u ða; fÞ ¼
f ðaÞ þ 1
2c þ cos a cos f u

c

(11)
ð1  f u ðaÞÞ:
2c þ cos a cos f
The fraction of leaves inclined at angle a projected in the
direction of a radiation beam at zenith angle f is given by:
gða; fÞ ¼ cos a cos f;

for ða þ fÞ  90 ;

gða; fÞ ¼ 2c þ cos a cos f;

for ða þ fÞ > 90 :
(12)

Norman and Jarvis (1975) present tables for f u(a, f)
computed from Eq. (11) and weighting functions from
Eq. (12) for various combinations of a and f.
The fraction of reflected radiation scattered upward
for any leaf inclination distribution can be computed by
integrating f u(a, f) across leaf angles, weighted by
Eq. (12) and the fraction of leaves at each angle
increment. For an ellipsoidal distribution:
R p=2
f u ða; fÞgða; fÞ dA du
f b; # " ¼ u¼0 R p=2
;
(13)
u¼0 gða; fÞ dA du
where dA is the incremental distribution of leaves
within the angle increment du. For an ellipsoid, this
is the portion of surface area of the ellipsoid within the
angle increment u + du (Fig. 1).
The fraction of reflected downward diffuse radiation
scattered upward is computed by integrating that for
direct radiation over all incident radiation angles,
weighted by the portion of radiation at each incident
angle:
Z p=2
f d; # " ¼
f b; # " sin f df:
(14)
f¼0

3. Methods
(9)

Transmission of diffuse radiation, td, was computed
for values of L of 0.01 and from 0.2 to 8.0 in increments
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of 0.2 and for values of x ranging from 0 to 4.0 in
increments of 0.2 as well as x = 100. Numerical
integrations of Eq. (4) were performed using trapezoidal
approximations. Iterations were performed by doubling
the number of integration elements until an error
tolerance of 0.00001 in transmissivity was reached. The
number of elements required to satisfy the error
tolerance was typically 512, but ranged as high as 2048.
The fraction of reflected direct radiation scattered
upward, f b,#", was computed for the same values of x
mentioned previously and for zenith angles ranging
from 08 to 908 in increments of 18 by numerically
integrating Eq. (13). Numerical integrations were
performed using rectangular approximations computed
from values at the midpoint of the integration elements.
The surface area of the ellipsoid within the angle
increment u + du (Fig. 1) was computed from the length
of the secant on the ellipse between u + du multiplied by
the average circumference of the ellipsoid between
u + du. Iterations were performed by doubling the
number of integration elements until an error tolerance
of 0.00001 in f b,#" was obtained. A minimum of 128
elements was used for all integrations, which was often
sufficient for lower values of f and x. For x above 3.0 at
zenith angles approaching the horizon, typically as
many 1024 element were required. Convergence was
difficult for x = 100 at zenith angles approaching the
horizon, requiring as many as 108 increments (Tolerance could have been attained with fewer elements if
finer elements were used for values of u near zero and
coarser elements elsewhere.).
The fraction of reflected downward diffuse radiation
scattered upward, f d,#", was computed for the same
values of x mentioned previously by numerically
integrating Eq. (14). Numerical integrations were
performed using trapezoidal approximations and the
values of f b,#" computed previously in 18 increments of
zenith angle.
The relations resulting from all numerical integrations were plotted to discern the equation form to best fit
the data. Non-linear least squares regressions were
performed using the NLIN procedure within the SAS
software package (SAS Institute, Cary, NC, U.S.A.).
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Fig. 2. Relation between the extinction coefficient for diffuse radiation (Kd) and leaf area index (L) obtained from integrating Eqs. (2)–(4)
for various ellipsoidal distributions (x).

depending on the value of x. A typical function to
describe a horizontal asymptote (Riddle, 1979) has the
form:
Kd ¼

K d1 LA þ B
;
LA þ B

(15)

where A and B are empirical coefficients, and Kd1 is the
asymptote that Kd approaches at infinite L for a given
value of x. Integrations of Eq. (4) with a leaf area index
of 600 gives an approximate relation of Kd1 for various
values x, which is plotted in Fig. 3. Values of Kd1 range
from near zero for x = 0 and approach 1.0 as x
approaches infinity. This relation can be approximated
by:
K d1 ¼

2
arctanðxÞ;
p

(16)

4. Results
The relation between the extinction coefficient for
diffuse radiation (Kd) and L obtained from Eqs. (2)–(4)
for various values of x is presented in Fig. 2, which is
similar to Fig 15.4 presented by Campbell and
Norman (1998). From Fig. 2, Kd decreases with L
and approaches a different horizontal asymptote

Fig. 3. Approximate relation between extinction coefficient for diffuse radiation with infinite leaf area index (Kd1) and varying ellipsoidal distributions (x).

234

G.N. Flerchinger, Q. Yu / Agricultural and Forest Meteorology 144 (2007) 230–235

or, alternatively by the horizontal asymptote function:
K d1 ¼

xC

xC
;
þ 1:0

(17)

The relation between f b,#" and f is plotted in Fig. 4
for various values of x. A very close approximation
(R2 > 0.9999) for f b,#" for spherical leaf orientation
presented in Zhao and Qualls (2005) is:
f b; # " ¼ 0:5 þ 0:3334 cos f:

(18)

where C is an empirical coefficient. A non-linear leastsquares regression for Kd for all values x and L was
performed upon combining Eqs. (15) and (16) and a
separate regression was performed for the combination
of Eqs. (15) and (17). These resulted in values for A, B
and C of 0.65, 1.9, and 1.46, respectively. The best-fit
values for A and B were independent of whether
Eq. (16) or (17) was used. Implementing Eq. (16)
yielded a coefficient of determination for Kd of 0.985
while Eq. (17) yielded 0.995. The plot of Fig. 3 suggests
that Eq. (16) is more suitable for x < 1 while Eq. (17) is
better for x > 1. However, the fraction of variation in td
accounted for by using either method was 0.9999. The
maximum error in td when using a combination of
Eqs. (16) and (17) ranged from 0.023 for x of 0.0
and leaf index of 3.0 to +0.011 for x of 0.6 and leaf area
index of 2.0.
Because Eqs. (2)–(4) assume leaves are distributed
randomly within the canopy space, Eqs. (15)–(17) also
employ this assumption. However, if leaves are
clumped, such as with canopy gaps or row crops,
canopy transmission can be approximated by multiplying leaf area in Eq. (2) by a clumping factor to
account for the fact that the leaves are less efficient at
intercepting radiation (Campbell and Norman, 1998).
The same clumping factor can be applied to the
exponential decay function for diffuse radiation. In this
case, leaf area in Eq. (15) should also be multiplied by
the clumping factor when computing the extinction
coefficient Kd.

The form of Eq. (19) forces an exact fit for horizontal
leaf orientations. The arctangent expression in Eq. (19)
was derived by recognizing from Fig. 4 that f b,#" varies
from 0.5 at x = 0 to 1.0 at x = 1 for zero zenith angles.
The equation can be forced to match the expression
presented by Zhao and Qualls (2005) for a spherical leaf
orientation (x = 1) by setting D to 0.585. The exponential term for x was selected (after numerous trials) by
graphing the ratio of f b,"# at f = 0.0 to f b,#" at other
zenith angles for various values of x. A non-linear leastsquares regression (omitting the data for x = 100)
yielded values for E and F of 0.569 and 1.09 with a
coefficient of determination for f b,#" of 0.991. The
maximum error in f b,#" occurs at an x-value of 4.0
and ranges from 0.05 at a zenith angle of 358 to
+0.05 at 708. Eq. (19) yields values greater than 1.0 for
values of x greater than 5.7, which is clearly beyond the
range of applicability for this equation. Above x = 5.0,
leaf orientation can be considered horizontal and f b,#"
set to 1.0 with very little error except for zenith angles
near horizontal.

Fig. 4. The fraction of reflected downward direct radiation scattered
upward ( fb,#") for varying zenith angles (f) and ellipsoidal distributions (x).

Fig. 5. The fraction of reflected downward diffuse radiation scattered
upward ( fd,#") for varying ellipsoidal distributions (x).

This expression can be generalized to all ellipsoidal leaf
orientations as follows:


f b; # "

2
arctanðxÞ
¼ 0:5 þ 0:5
p

D

EþFx

xðsin fÞ

cos f:
(19)
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The relation between the fraction of reflected
downward diffuse radiation scattered upward ( f d,#")
and x is plotted in Fig. 5. Like f b,#", the relation varies
from 0.5 for x = 0.0 to 1.0 for x = 1. A similar
expression can be used to approximate f d,#":
G

2
arctanðxÞ :
f d; # " ¼ 0:5 þ 0:5
(20)
p
The value of f d,#" for spherical leaf orientation is 2/3,
from which the exponent G can be back-calculated to be
1.585. This yields a coefficient of determination for f d,#"
of 0.999 with a maximum error of 0.013 at an x-value of
3.0.
5. Conclusions
Expressions for transmissivity of diffuse radiation
and scattering of direct and diffuse radiation were
integrated for a range of ellipsoidal leaf angle distributions, leaf area indices, and incident solar angles.
Simplified algorithms were developed which very
closely approximate these relations, with coefficient
of determinations exceeding 0.99. Extension of the
transmissivity equations for clumped vegetation was
discussed; scattering equations are independent of
vegetation clumping. The simplified algorithms can be
more easily implemented in simulation models of
radiation transfer within the canopy and will be more
computationally efficient than numerical integrations
requiring hundreds or even thousands of integration
elements.
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